Abstract. In this paper, we investigate the mean curvature flow of submanifolds of arbitrary codimension in CP m . We prove that if the initial submanifold satisfies a pinching condition, then the mean curvature flow converges to a round point in finite time, or converges to a totally geodesic submanifold as t → ∞. Consequently, we obtain a new differentiable sphere theorem for submanifolds in CP m . Our work improves the convergence theorem for mean curvature flow due to Pipoli and Sinestrari [27] .
Introduction
Let where H(x, t) is the mean curvature vector of the submanifold M t = F t (M ), F t = F (·, t).
In 1984, Huisken [14] proved that uniformly convex hypersurfaces in Euclidean space will converge to a round point along the mean curvature flow. Afterwards, Huisken obtained convergence results for mean curvature flow of convex hypersurfaces in Riemannian manifolds [15] and pinched hypersurfaces in spheres [16] . In [1] , Andrews constructed a fully nonlinear parabolic flow of surfaces in the three-sphere, and proved an optimal convergence result for this flow.
For higher codimensional submanifolds, Andrews and Baker [2] proved an optimal convergence theorem for the mean curvature flow and an optimal differentiable sphere theorem for submanifolds in R n+q . Meanwhile, by using the Ricci flow [4, 5, 6, 12] , Xu and Gu [37] proved a general differentiable sphere theorem for submanifolds in space forms independently. Afterwards, Baker [3] and Liu-Xu-Ye-Zhao [22] proved a sharp convergence theorem for the mean curvature flow of submanifolds in the space form F n+q (c) with c = 0. Later, Liu, Xu and Zhao [23] obtained a convergence result for mean curvature flow of arbitrary codimension in Riemannian manifolds. Recently, inspired by the rigidity theory of submanifolds [30, 34, 35, 36, 40] , and by developing new techniques, Lei and Xu [17, 18, 19] verified an optimal convergence theorem for the mean curvature flow of submanifolds in hyperbolic spaces and a new convergence theorem for the mean curvature flow of submanifolds in spheres, which improve the convergence theorems due to Baker [3] , Huisken [16] and Liu-Xu-Ye-Zhao [22] . For more results on rigidity, sphere and convergence theorems, we refer the readers to [8, 9, 10, 11, 20, 21, 24, 25, 26, 29, 31, 32, 33, 38, 39, 40, 41] .
More recently, Pipoli and Sinestrari [27] obtain the following convergence theorem for mean curvature flow of small codimension in the complex projective space.
be a closed submanifold of dimension n and codimension q in the complex projective space with Fubini-Study metric. Suppose either n 5 and q = 1, or and 2 q < , q 2, then F t converges to a round point in finite time, or converges to a totally geodesic submanifold as t → ∞. In particular, M is diffeomorphic to either S n or CP n/2 .
In this paper, we investigate the mean curvature flow of arbitrary codimensional submanifolds in the complex projective space, and prove the following theorem. n , 2 q < n − 4, ψ(|H| 2 ), q n − 4, then F t converges to a round point in finite time, or converges to a totally geodesic submanifold as t → ∞. In particular, M is diffeomorphic to S n or CP n/2 . Here the functions ϕ and ψ are defined as (3.2) and (3.13), and ϕ(|H| 2 ) and ψ(|H| 2 ) are given by
, where a n = 2 (n 2 − 4n + 3)b n , b n = min
Remark 1. By a computation, if n > 3, we have ϕ(x) > x n−1 + 2 for x 0. Furthermore, if n 3, we have ϕ(x) > 2(n − 3) for x 0. Therefore, Theorem 1.1 substantially improves Theorem A.
The function ψ satisfies ψ(x)
x n for x 0, and the the equality holds if and only if x = 0. In addition, we have lim x→+∞ ψ(x)/x = 1 n−1 . Since ψ(0) = 0, the pinching condition |h| 2 < ψ(|H| 2 ) implies that the submanifold has nonzero mean curvature. Thus, if q n − 4, it doesn't occur that the mean curvature flow in Theorem 1.1 converges to a totally geodesic submanifold. When q n − 4 2, we obtain a refined result under the weakly pinching condition.
be a closed submanifold of dimension n and codimension q in CP n+q 2 , where q n − 4 2.
be the mean curvature flow with initial value F 0 . If F 0 satisfies
then one of the following holds: (i) F t is congruent to the totally geodesic RP n or CP n/2 for each t ∈ [0, +∞); (ii) F t converges to a round point in finite time. In particular, M is diffeomorphic to S n .
Notations and formulas
Let CP m be the m-dimensional complex projective space with the Fubini-Study metric g FS . Let J be its complex structure. We denote by∇ the Levi-Civita connection of (CP m , g FS ).
Since the Fubini-Study metric is a Kähler metric, we have∇J = 0. The curvature tensorR of CP m can be written as
Let q be its codimension, i.e., n + q = 2m. At a point p ∈ M , let T p M and N p M be the tangent space and normal space, respectively. For a vector in T p M ⊕ N p M , we denote by (·)
T and (·) N its projections onto T p M and N p M , respectively. We use the same symbol ∇ to represent the connections of tangent bundle T M and normal bundle N M . Denote by Γ(E) the spaces of smooth sections of a vector bundles E. For X, Y ∈ Γ(T M ), ξ ∈ Γ(N M ), the connections ∇ are given by
N . Throughout this paper, we shall make the following convention on indices:
We choose a local orthonormal frame {e i } for the tangent bundle and a local orthonormal frame {e α } for the normal bundle. With the local frame, the components of h are given by h α ij = h(e i , e j ), e α . The mean curvature vector is defined as H = α H α e α , where
n H ⊗ g be the traceless second fundamental form. We have the relations |h| 2 = |h| 2 − 1 n |H| 2 and
We denote by (J AB ) the matrix of J with respect to the frame {e A }, i.e.,
This matrix satisfies J AB = −J BA and B J AB J BC = −δ AC . At each point p ∈ M , we define a tensor P :
Then we have
We have the following estimates for the gradient of the second fundamental form.
Lemma 2.1. For an n-dimensional submanifold in CP n+q 2 , we have
Proof. Let S be the symmetric part of ∇h, i.e., S 
Using the Codazzi equation again, we get
From (2.2),(2.3) and (2.4), we obtain
If q = 1, we have k J αk J ki = 0 and |P | 2 = 1. Thus (2.5) becomes
If q 2, from (2.5) we get
We denote by M t the submanifold at time t. Following [2, 27] , we have the evolution equations below.
From (2.1), these evolution equations can be written as
where
To do computations involving J AB , we present the following well-known property of the skew-symmetric matrix. Proposition 2.3. Let A be a real skew-symmetric matrix. Then there exists an orthogonal matrix C, such that C −1 AC takes the following form
We use a notationĩ
If a matrix (a ij ) takes the form of (2.6), then a ij = 0 for all j =ĩ.
Preservation of curvature pinching
3.1. The case of q = 1. For the mean curvature flow of hypersurfaces in CP m , the evolution equation equations in Lemma 2.2 become
We choose a orthonormal frame {e i } such that the matrix (J ij ) takes the form of (2.6). Thus
So, we get
For a real number ε ∈ [0, 1], we define a function ϕ ε : [0, +∞) → R by
The following lemma will be proven in the Appendix. Lemma 3.1. For sufficiently small ε, the functionφ ε satisfies
be a mean curvature flow with initial value M 0 . We will show that the pinching condition is preserved along the flow. For convenience, we denoteφ ε (|H| 2 ),φ
, then there exists a small positive number ε, such that for all t ∈ [0, T ), we have |h|
Proof. Since M 0 is compact, there exists a small positive number ε, such that M 0 satisfies |h| 2 <φ ε . From Lemma 3.1 (i), we have
By Lemma 2.1, we have
Thus, at the points where U = 0, we get 1 2
Applying the maximum principle, we obtain U < 0 for all t ∈ [0, T ). By choosing a suitable small ε, we complete the proof of Theorem 3.2.
, where σ ∈ (0, 1) is a positive constant. Then we have
, then there exists a small positive number ε, such that the following inequality holds along the mean curvature flow.
Proof. By a straightforward calculation, we have
Using (3.1) and (3.3), we have
From Lemma 2.1 and Theorem 3.2, we have
From Lemma 3.1 (ii) and (iii), we have
This completes the proof of the lemma.
3.2. The case of 2 q < n − 4. At a fixed point p ∈ M , we always choose the orthonormal frame {e α } for N p M such that H = |H|e n+1 . For fixed α, let hα
Notice that θ 1 1 and θ 2 q − 1.
Proof. The estimates of R 1 and R 2 are similar to that in [2] . We choose an orthonormal frame {e i } for the tangent space, such thath n+1 ij =λ i δ ij . Then we have
Using the Cauchy-Schwarz inequality, we get
It follows from Theorem 1 of [20] that
Thus we obtain
. R 2 can be written as
Next, we have
Ph(e i , e j ) 2 (3.6)
Choose an orthonormal frame {e i } such that the matrix (J ij ) takes the form of (2.6). Thus
For fixed α, β, we choose an orthonormal frame {e i }, such that the n × n matrix (J iα J jβ − J jα J iβ ) takes the form of (2.6). Thus we get
Using the Cauchy inequality, we have
Thus we obtain S 1
be a mean curvature flow with 2 q n − 6. Suppose that the initial submanifold M 0 satisfies the pinching condition |h| 2 < k|H| 2 + l, where k = 1 n(n−1) , l = 2 − 3 n . Since M 0 is compact, there exists a small positive number ε, such that M 0 satisfies |h| 2 < (k|H| 2 + l)(1 − ε). Now we prove that the pinching condition is preserved.
, then this condition holds for all time t ∈ [0, T ).
From the evolution equations we have 1 2
From Lemma 3.4, if |h| 2 = k ε |H| 2 + l ε , we get the following estimates.
and
Thus, at a point where U = 0, we get 1 2
By the definition of k ε , l ε , we have
On the other hand, we have
Hence, the RHS of (3.8) is not greater than
Since n q + 6 8, we have
By Lemma 2.1, we get
Therefore, the RHS of (3.8) is nonpositive for small ε. Then the assertion follows from the maximum principle.
Let f σ = |h| 2 /(k|H| 2 + l) 1−σ , where σ ∈ (0, 1) is a positive constant. Then we have Lemma 3.6. If M 0 satisfies |h| 2 < (k|H| 2 + l)(1 − ε), then the following inequality holds along the mean curvature flow.
Proof. By a direct calculation, we have
Now we estimate (∂ t − ∆)|h| 2 and (∂ t − ∆)|H| 2 . From (3.9), (3.11) and Lemma 3.4, we get
We also have
Then we get
By Lemma 2.1 and the condition n q + 6 8, we have
Using (3.10), we get
Therefore, we complete the proof of this lemma.
3.3.
The case of q n − 4. We choose an orthonormal frame {e α } for the normal space such that H =
. We have
Proof. Using the same proof as Lemma 3.4, we obtain (i) and (ii). Now we re-estimate S 1 . From (3.6) and (3.7), we have
With a local orthonormal frame, let v be a vector given by v k =h α ik J iα . We define two tensors D and E by
where η = √ n 2 + n − 2. Then we have D − E, E = 0. This implies |D| 2 |E| 2 . By the definitions of D and E, we get
Thus we obtain α,β,i,j,kh
Define a function ψ : [0, +∞) → R by
. From Lemma 7.3 in the Appendix, the functionψ has the following properties.
Lemma 3.8. The functionψ satisfies
n + n 0, and the equalities hold if and only
For convenience, we denoteψ(
(q n − 4 2) be a mean curvature flow whose initial value M 0 satisfies |h| 2 < ψ(|H| 2 ). Since M 0 is compact, there exists a small positive number ε, such that M 0 satisfies |h| 2 <ψ − ε|H| 2 − ε.
Theorem 3.9. If the initial value M 0 satisfies |h| 2 <ψ − ε|H| 2 − ε, then this pinching condition holds for all t ∈ [0, T ).
Proof. From Lemma 2.1 and Lemma 3.7, we get
We have the following evolution equation ofψ.
By Lemma 2.1 and Lemma 3.8 (ii), the first line of the RHS of the formula above is nonpositive. From |h| 2 = U +ψ − ε|H| 2 − ε, we obtain 1 2
This together with Lemma 3.8 implies
Then the assertion follows from the maximum principle.
Now we prove that the mean curvature flow has finite maximal existence time in this case. Proof. Let U = |h| 2 −ψ. Then U < 0 holds for all t ∈ [0, T ). From (3.17), we have
From the maximum principle, U will blow up in finite time. Therefore, T must be finite.
Let f σ = |h| 2 /ψ 1−σ , where σ ∈ (0, 1) is a positive constant. Then we have Lemma 3.11. If M 0 satisfies |h| 2 <ψ, then there exists a small positive constant ε, such that the following inequality holds along the mean curvature flow.
Using (3.14) and (3.15), we have
From Lemma 2.1 and Lemma 3.8 (ii), we have
By Lemma 3.8 (iii), we get
By Lemma 3.8 (i), we have
4. An estimate for traceless second fundamental form
be a mean curvature flow. Suppose that the initial value M 0 satisfies the condition in Theorem 1.1. We put
By the conclusions of the previous section, there exists a sufficiently small positive number ε, such that for all t ∈ [0, T ), the following pinching condition holds.
From this inequality and the definition of W , we have ε|H| 2 + ε < W < |H| 2 n(n−1) + n. We introduce an auxiliary function:
In this section, we will show that f σ decays exponentially. Lemma 4.1. There exist positive constants ε and C 1 depending on M 0 , such that
where χ = 5n
Proof. Combining the conclusions of Lemmas 4.1, 3.6 and 3.11, we have the following inequality with some suitable small ε.
By the definition of W , there exists a constant
Thus we complete the proof of this lemma.
We need the following estimate for the the Laplacian of |h| 2 .
Lemma 4.2. There exists a positive constant C 2 > 1, such that
Proof. We have the following identity
Then there exists a positive constant B 2 only depending on n, such that
We choose a local orthonormal frame, such that H = |H|e n+1 andh
. Expanding R 3 , we get
By Lemma 2.6 of [28] or Proposition 1.6 of [31] , we have
2 if n 6, and α>1,i =j h α ij 2 = 0 if q = 1. We get
From (4.2) and Lemma 3.4 (i), we get
where C 3 is a positive constant depending on M 0 . ThusLet g σ = f σ e εt/2 . By the Sobolev inequality on submanifolds [13] and a Stampacchia iteration procedure, we obtain that g σ is uniformly bounded for all t (see [14] or [18] for the details). Then we obtain the following theorem. 
A gradient estimate
In the following, we derive an estimate for |∇H| 2 along the mean curvature flow. Firstly, the same as Proposition 4.3 in [27] , we have the following result.
Lemma 5.1. There exists a constant C 6 > 1 depending only on n, such that
Secondly, we need the following estimates.
Lemma 5.2. Along the mean curvature flow, we have
where C 7 , C 8 , C 9 are sufficiently large constants.
Proof. (i) From Lemma 2.2 (ii) we derive that
From Lemma 3.7, we get R 2 + 3S 2 R 2 1 n |H| 4 . Then from Lemma 2.1, we have
From Lemma 2.1, we get 2 ∇h
Choosing a large constant C 7 , we obtain inequality (ii).
(iii) It follows from the evolution equations that
From Lemma 2.1, we get −2|H| 2 ∇h
From the preserved pinching condition |h| 2 < W , we have
Using Theorem 4.4, we have
By Young's inequality, there exists a positive constant C 9 , such that −2 ∇|H| 2 , ∇|h|
Now we prove a gradient estimate for mean curvature. 8nπ , there exists a number Ψ(η) depending on η and M 0 , such that
Proof. Define a scalar 
We choose the constants B 1 and B 2 , such that C 6 − B2 6 < −1 and C 6 − B1 3 +B 2 C 9 < −1. Then applying Theorem 4.4, we get
Consider the expression in the bracket of (5.1). Since the coefficient of |H| 6 is negative, it has a upper bound Ψ 2 (η). Then we have
−εt/4 . It follows from the maximum principle that f is bounded. This completes the proof of Theorem 5.3.
Convergence
In order to estimate the diameter of M t , we need the well-known Myers theorem. Then we obtain the following lemma. 
Proof. By Proposition 2 in [30] , the Ricci curvature of M satisfies
Let x be a point on M where |H| achieves its maximum. Consider all the geodesics of length l = (4η max M |H|) Using the strong maximum principle, we obtain either |h| 2 <ψ for some t > 0, or |h| 2 =ψ holds for all t ∈ [0, t 0 ). If |h| 2 <ψ for some t > 0, then it follows from Theorem 1.1 that F t converges to a round point.
If |h| 2 =ψ holds for all t ∈ [0, t 0 ), we have
From Lemma 3.8 (iii), we get |H| = 0. Thus |h| 2 = ψ(0) = 0. Therefore, F t (M ) is a totally geodesic submanifold for each t ∈ [0, +∞). (ii) Letting g(x) = 2xψ ′′ (x) + ψ ′ (x), we have −[λ(κµ + 3λ + λν)x 2 + (κν 2 + λµ(n + 6 + 3ν))x + ν 2 (n + 3 + 2ν)] 2 .
Appendix
Now we need to prove h(x) 0. Since κ = λ + Putting A = κµ + 3λ + λν, B = n + 3 + 2ν, C = κν 2 + λµ(n + 6 + 3ν), we get h(x) = (νB + Ax) 2 (λ 2 x 2 + 2λµx + ν 2 ) − (λAx 2 + Cx + ν 2 B)
By the definitions of κ, λ, µ, ν, we have µA + λνB = νA + λµB = C, and ν 2 (A − λB) 2 + 4λµνAB − C 2 = − 81(n 3 − 12n + 9) 2 n 2 (n − 1) 2 (n 2 − 3n − 3) 4 < 0.
Thus, inequality (iii) is proved. 
